ON THE BETTI NUMBERS OF SHIFTED COMPLEXES OF 
STABLE SIMPLICIAL COMPLEXES 
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Abstract. Let A be a stable simplicial complex on n vertexes. Over an arbitrary 
base field K, the symmetric algebraic shifted complex A s of A is defined. It is 
proved that the Betti numbers of the Stanley-Reisner ideals in the polynomial ring 
K[xi, X2, ■ ■ ■ , x n ] of the symmetric algebraic shifted, exterior algebraic shifted and 
combinatorial shifted complexes of A are equal. 
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. Introduction 

Throughout the paper, let A be a simplicial complex on the vertex set [n] = 
{1,2,... , n}. Then, by definition, A is a set of some subsets of [n] such that {i} G A, 
i = l,2,... , n, and, for any a G A, if r C a then r G A. Set V = {cr C [n] : a (jL A}. 
Let S = K\ Xi, X2, ■ ■ ■ , x n ] be the polynomial ring over an infinite field K. For any 
a — {ii, 12, ■ ■ ■ , i r } Q [n] with %\ < i 2 < . . . < i r , we set x a = x^x^ ■ ■ ■ Xi r . Then A 
determines an ideal I a, the Stanley-Reisner ideal of A, of S, which is the monomial 
ideal generated by all monomials x a such that a G V. Conversely, for any monomial 
ideal L of S which is generated by some squarefree monomials, there is a unique 
simplicial complex A x on the vertex set [n] such that L = 1^. We refer the reader 
to [5] and [10] for the detailed information about these notions. 
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For any graded ideal / of S, the graded Betti number Pij(I) is defined by the 
minimal graded free S'-resolution of J: 

► @ j S{-jf i ^ -> > ®jS{-jf^ -> @ j S{-jf°^ r) ^1^0. 

Set = J2j The regularity, reg(J), of I is defined as reg(J) = max{j — i : 

un /oi, 

For the simplicial complex A, there are three shifted complexes A s , A e and A c , 
which are called the symmetric algebraic shifted complex, exterior algebraic shifted 
complex and combinatorial shifted complex of A respectively, cf. [1]. Shifted com- 
plexes are determined by some monomial ideals of a polynomial ring or an exterior 
algebra over a field K. The combinatorial shifting and the exterior algebraic shift- 
ing are defined over any base field K, while the symmetric algebraic shifting is only 
defined when char(fC) = 0, cf. [1]. In the present paper, we firstly show that if I is 
a (squarefree) stable ideal of S, then Gin(J) is also stable. Then it makes sense to 
define the symmetric algebraic shifting of stable complexes over an arbitrary base 
field K. One of the important problems in the study of simplicial complexes is the 
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behaviour of the graded Betti numbers under shifting. In [1], Aramova, Herzog and 
Hibi conjectured that Pij(lA s ) < A,j(-^A e ) < A,i(-^A c ), although their symmetric al- 
gebraic shifting is only defined in characteristic 0. In this paper, we will show that, 
over any base field, when A is stable, (3^(1 = /^(/aO = AjC-TaO = Aj(^a), fc> r 
all i and j. 



A monomial x^x^ 2 ■ ■ ■ x°£ G S is said to be squarefree if Oj < 1, i = 1, 2, . . . , n. 
For a monomial u G 5, we denote max{i : | m} by m{u), and, for any er = 
{ii,i 2 ,... , i r } C [n], we also denote max{i s : s — 1, 2, . . . , r} by m(a"). Let I be 
a monomial ideal of S, the minimal system of monomial generators of / will be 
denoted by G{I). For any j, we write Ij ( G(I)j ) for the set of monomials of degree 
j belonging to I ( G(I) )and Iu\ for the ideal generated by Ij. A monomial ideal / 
of S is said to be squarefree if it is generated by squarefree monomials. Then, it is 
clear that I a is a squarefree monomial ideal. 

A (squarefree) monomial ideal is said to be (squarefree) stable if its set B of 
(squarefree) monomials is (squarefree) stable, i.e., Xi(u/x m ( u )) G B for all u G B 
and all i < m{u) ( such that Xi J(u ), further, if Xi(u/xj) G B for all u G B and all 
i < j such that Xj \ u ( and Xi J(u ) then we say that the ideal is strongly (squarefree) 
stable. Let J be a monomial ideal of S. If / is stable, it is shown in [8] that 



We say that the simplicial complex A is stable if /a is squarefree stable. Then, it 
is easy to show the following 

Lemma 1.1. The following are equivalent 

(1) A is stable. 

(2) For any a G V, if 1 < i < m(a) and i £ a, then (a \ {m(a)}) U {%] G V. 

(3) For any a G A, if i G a and m(a) < j < n, then (a \ {i}) U {j} G A. 

For a graded ideal I of S, let Gin(J) be the generic initial ideal of / with respect 
to the reverse lexicographic term order on S induced by X\ > x 2 > ■ ■ ■ > x n . Then 
Gin(J) is Borel-fixed and, when char(K) = 0, it is strongly stable, cf. [6, Chapter 
15]. For a general field K, we have the following 



1. Betti numbers under symmetric algebraic shifting 





and 



reg(J) = max{deg(w) : u G G(I)}. 



Proposition 1.2. If I is a (squarefree) stable ideal of S, then Gin(J) is also stable. 
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Proof. Let j > 1 be such that Ij 7^ 0. As 7 is stable or squarefree stable, it follows 
that 7 is componentwise linear, hence Iu\ is j-linear. Note that reg(7^) = j. Then 
reg(Gin(i^))) = reg(/(j)) = j, thus Gin(J^)) is generated in degree j. By the 
construction of generic initial ideals, we see that Gin(7)j = Gin(i^),,-, then it turns 
out that Gin(/)(j) = Gin(7(j)). Since Gin(7(j)) is Borel-fixed and generated in degree 
j and reg(Gin(/(j))) — j, it follows from [7, Proposition 10] that Gin(7(j)) is stable, 
i.e., Gin(J)^) is stable. Hence Gin(7) is stable. □ 

There is an operator a which transfers any monomial ideal into a squarefree 
monomial ideal. For any u = x^x^ ■ • • Xj. • • • Xi d G S where i\ < i<i < ■ • ■ < ij < 
• • • < id, we se t u a = x^Xi 2+ i ■ ■ • • -Xi d+ ^i). Let J be a monomial ideal 

of S with G(I) = {tii,ti2, ••■ ,u r }. Then we set I a for the squarefree monomial 
ideal generated by u\ , . . . , u°. Thus I a is a squarefree ideal of K[x\, X2, • • • , x m ], 
where m = max{m(«) + deg(-u) — 1 : u G G(I)}. 

Suppose that A is stable. Then, by 1.2, Gin(iA) is also stable. Using the same 
arguments as in the proof of [1, Lemma 1.1], we see that m{u) + deg(-u) — 1 < n 
for all u G G(Gin(/A)), hence, (Gin(iA)) <T is also an ideal of S. Then we define the 
symmetric algebraic shifted complex A s of A by 

I A s = (Gin(/ A )) CT . 

We are going to show that (3^(1^) = A,i(-^A s ) if A is stable. When char(K) = 0, 
this result can be easily proved. But, for a base field K with arbitrary characteristic, 
we need some new results as we do not know whether Gin(JA) is strongly stable. 

Proposition 1.3. If I is a (squarefree) stable ideal of S, then 

= (3ij(Gin(I)) for alii and j , 

Proof. By 1.2, Gin(J) is also stable, thus / and Gin(J) are componentwise linear. 
Then, by [9, Proposition 1.3], for any i and j, 

(I) = A ) - Pi (m-f 0-1) ) , 
P iii+j (Gm(I)) = A(Gin(7) (j . ) )-A(mGin(7) _ 1) ) 
= A(Gin(7 - ) ))-A(mGin(7 _ 1) )), 

where m is the ideal (xi,x 2 , ■ ■ ■ ,x n ) of S. Since m7^_ 1 ) is j-linear, it follows that 
reg(m7(j_i)) = j, hence reg(Gin(m7(j_i))) = j. Then Gin(m7(j_i)) is also generated 
in degree j. On the other hand, as Gin(7(j_i)) is generated in degree j — 1 (refer to 
the proof of 1.2), we see that mGin(7^_ 1 )) is also generated in degree j. But 

Gin(m7 _ 1) ) j = Gin(7 (j _ 1) ) j = (mGin(7 _ 1) ))„ 

hence mGin(7^_!)) = Gin(m7^_ 1 )). To end the proof, it is enough to show that, if 
7 is (squarefree) stable and generated in degree d, then $(7) = /3i(Gin(7)). By the 
assumptions, 7 and Gin(7) are d-linear and their Hilbert functions have the following 
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forms: 

Hiit) = (£(-iy/ww 



t d 



i-t) n ' 

H GHI) (t) = (]T(-l)% +d (Gin(/))f) 



- t) n ' 

But I and Gin(J) have the same Hilbert function, hence = /3j(Gin(J)), as 

required. □ 

The following result is proved in [1] when I is strongly stable. 

Lemma 1.4. If I is stable and Borel-fixed, then Pij(I) = for all i and j. 

Proof. Let G(I) = {u 1 ,u 2 , . . . ,u r }. We will show that I a is squarefree stable with 
G(I a ) = {u°, u 2 , • • ■ , u" }. Then the result follows from the formulas of Betti num- 
bers of stable and squarefree stable ideals. 

Let u = Xil%i2 • • • El with i 1 < i 2 < . . . < i s and r 3 , > 1, j — 1, 2, . . . , s. We 
firstly note that, since I is p-Borel with p = char(i^) and k < p k for any positive 
integer k, cf. [6, Chapter 15], it follows that (x k /x i:j ) r m G / for all 1 < k < ij. 
Secondly, let v = Xj\xf 2 ■ ■ ■ x\ G / with j 1 < j 2 < . . . < ji and t k > 1, k — 1, 2, . . . , I. 
Suppose that v a \ u a and to see the relationship between u and v. For any r G [n] 
and J C [n] U {0}, set a; r+ j = Ilfcej ^r+fc and [0, r — 1] = {0, 1, . . . , r — 1}. Then 



■U°" — Xj 1+ [o jri _i] • a;i 2+ri + [o,r 2 -l] ' ' ,;!; ) ! +(ri+...+r ! _i)+[0,r J -l]' 

We notice that the difference between indices of any two x w in different groups 



x 



+(n+...+r fc _i)+[o,r fc -i] is at least 2. Thus, from 



v — x h+[o,t 1 -i\ ' x i2+ii+[o,t 2 -i] ' ' ' x j(+(ti+...+t(-i)+[0A- 



and v a | u a , we see that I < s and there exist w k G [s], k = 1,2, . . . ,1, such that 

X ifc+(ti+---+tfc-i)+[0,t fe -l] I x i Wfc +(ri+...+r ll , fc _i)+[0,r ll , fc -l]j k — 1,2,... ,1. 

Hence j k = i Wk + ^fik with m k > and < r Wk , k — 1,2, ... ,1. It turns out that 
Xj l _ JJll Xj 2 _ m2 ■ ■ •Xj l _ mi I u for some m k ^ 0, k — 1,2, . . . ,1. 

Now we show that G(I a ) = {u^u*, . . . ,<}. Suppose that u a k £ G(I a ). Then 
there exists some / ^ k such that uf \ u a k . Let u% = x^x^ ■ ■ ■ x^ with i ± < i 2 < . . . < 
i s and r, > 1, j = 1, 2, . . . , s. Then x[ 1 1 _ mi xg_ m2 • • • x\l_ ms \ u k for some m t > 0, t = 
1, 2, . . . , s. Note that x[ 1 1 _ mi xg_ m2 • • -< s _ ms ^ «fc by | u%. Since x^xg • • -x\l G 
J and J is Borel-fixed, as noted above, we see that x r ^ mi i-„ 2 m ^ • • -x^ s „, E I. This 

7 7 — 1 1 1\ 1*2 1 1 1'2 ts — 'It's 

contradicts that u k G G(I). Thus G(I a ) = {u^, u a 2 , . . . , <}. 

Finally, we show that I a is squarefree stable. Let u = x^x^ ■ ■ ■ x^ G G(I) 
with ii < i 2 < . . . < i s and rj > 1, j — 1, 2, . . . , s. Suppose that I < m(u a ) = 
i s +(ri+- ■ -+r s )-l andxi J(u a . Let i k _ 1 + (r 1 + . . .+r fc _i)-l < I < i k + {ri + . . .+r fc _i) 
and set v = xll ■ ■ • xJj l 1 Xi_( ri+ ... +rfe l )a:[*_ 1 • • • x^zl-i^-i- Note that v G / as above 
and t>°" = (xi/ 'i m (^))«° '. Then f = M w f * for some m w G and a monomial v* G 5, 
as / is stable, we may assume that m(u w ) < j for all j such that Xj \ v*. Thus we 
have that u° w \ v a , hence v a G I a , as required. □ 
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Now we prove the following 



Theorem 1.5. If A is stable, then, for alii and j, 

Proof. Since is squarefree stable, it follows from 1.3 that /^./(/a) = A,j(Gin(iA))- 
But Gin(iA) is also stable by 1.2, and Borel-fixed. Then the theorem follows from 
1.4 . □ 

For exterior algebraic shifting, a similar result can been easily obtained. Let V 
be an n-dimensional i^-vector space with basis ei,e2, ... ,e n . Then the exterior 
algebra E = A (V) is a finite dimensional graded K-algebra and its r-th graded 
component /\ r (V) has the K-basis e ix A e i2 A • • • A e ir with i x < i 2 < . . . < i r . For any 
c — {ii,i2, ■ ■ ■ , i r } Q: N with ii < i 2 < . . . < i r , we set e a — A e i2 A • • • A e ir . The 
stable and strongly stable ideals of E ( which are automatically squarefree ) can be 
defined as in S. Let I be a graded ideal of E. The generic initial ideal, Gin(J), of / 
in E is also defined similarly as in S. Then Gin(J) is strongly stable for any infinite 
field K, cf. [4]. 

For the simplicial complex A, we set Ja, the Stanley-Reisner ideal of A in E, 
as the monomial ideal of E generated by all monomials e a such that a 6 V. The 
exterior algebraic shifted complex A e of A is defined by 

Ja e = Gin(J A ). 

Suppose that A is stable. Then Ja is also componentwise linear. Thus, by [2, 
Corollary 2.2], we have the following 

Proposition 1.6. If A is stable, then, for alii and j, 



2. Betti numbers under combinatorial shifting 
Let 1 < k < I < n, for any a G V, we define 

s , v = { (a \ {/}) U {k} if lea, kg a and (a \ {I}) U {k} £ V, 
ki\cr) ~ \ <j otherwise. 

We summarize some properties of Ski as follows: 

(1) For any a G V, S M (a) <? V if S fc ,(<r) ^ a. 

(2) Let a,reV, if a^r then 5 w (<t) ^ 5 fc ,(r). 

(3) If A is stable, then m(Ski{cr)) = m(o~). 

(4) Let G(I A ) = {x Cl , x a2 , . . . ,x CTr }. Then cr, ^ S k i(aj) for any i ^ j, and, if 
5^ (<7i) C ^(crj) for i 7^ j, then S^cr,) 7^ a { and Sfcj(cr,-) = ct,-. 

Shifty (A) is the simplicial complex defined by /shifty (A) which is the squarefree 
monomial ideal of S generated by all monomials xs kl ( a ) with a G V. A combinatorial 
shifted complex A c of A is a shifted complex and 

A c = Shffi Wr (Shift fcr _ lIr _ 1 (. • • (Shifty (A)) •••)), 

for some r > 1 and kt < k, i = 1,2, . . . , r. 
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We firstly discuss the properties of Shifty (A) and, then, get the properties of A c 
by induction. 

Lemma 2.1. If A is stable, then Shift^(A) is also stable. 

Proof. It is enough to show that, for any o G V, if % < m(S k i(cr)) and i G" S k i(a), 
then (S kl (a) \ {m(S kl (a))}) U {i} = S kl (a') for some a' G V. Set a t = (S kl (a) \ 
{m(S k i(cr))}) U {i}. Consider two cases. 

Case I) S k i(cr) = a. Then Oi — (a \ {m(cr)}) U {i} G V by the stability of A. 
We will show that ai = S k i(a.i). On the contrary, suppose that S k i(ai) 7^ a-i. Then 
S kl (o-i) = {pi \ {/}) U {k}, I eo-i, k t^o-i and (a t \ {/}) U {k} G" V. Note that % ^ k 
and (o-i \ {/}) U {k} = {{{a \ {m(cr)}) U {i}) \ {/}) U {k}. Consider two possibilities: 
i = I and i ^ I. When i = /, as A is stable, k < m(a) and k G" a, we have that 

((7 i \{/})U{fc} = ((7\{m((7)})U{fc}G V, 

a contradiction. When i 7^ I, as I G <Tj, k G" o~i and k < I, we see that I G cr and 
k G* o~ . But S k i(a) = a, this implies that (a \ {/}) U {k} G V. By / G <Tj again, we 
have that / 7^ rn(cr), hence m((cr \ {/}) U {k}) = m(cr) and 

fa \ {/}) U {k} = (((a \ {/}) U {k}) \ {m((a \ {/}) U {k})}) U {*}. 

Since ? < m(cr) and % £ (cr \ {/}) U {A;}, it follows from the stability of A that the 
right-hand side of the above equality is in V, i.e., (<Tj\{Z})U{A;} G V, a contradiction 
again. 

Case II) S k i(cr) 7^ a. Then S k i(cr) = (a \ {/}) U {k}, I G a, k cr and (a \ 
{/}) U {k} G" V. Thus, by the stability of A, we see immediately that I 7^ m(cr), 
hence m(S M (a)) = m(a) and o { = (((a \ {/}) U {k}) \ {m(a)}) U {i}. Note that 
i t~ k by 2 G - S k i(cr). Consider two possibilities: i = I and i 7^ / again. When 
i = I, as k < m(cr) and k G" a, we have that <7j = (c \ {m(a)}) U {A;} G V 
by the stability of A, and S k i(ai) = (Xj, as required. When i 7^ I, we have that 
o~i = (((cr \ {m(cr)}) U {i}) \ {/}) U {A;}. As % < m(a) and % £ a, we see that 
(a \ {m(a)}) U {i} G V by the stability of A. Since I G (a \ {m(a)}) U {i} and 
k ^ (a\ {m(cr)}) U {2} by A; G" a and ? 7^ A;, it follows that cr, = S k i(o~i) if <7j G V and 
o'i = S k i((cr \ {m(cr)}) U {i}) if cri G" V, as required. □ 

Suppose that A is stable and G(1a) = {^0-1 , ^o- 2 > • • • , x a r }- F° r an y o" G V, there 
is an i G [r] such that a = a-i U r with r C [n], where we understand always that 
a fl t = 0. Let Ti, r 2 C [n], we write ri < r 2 if s < t for all s G n and t G r 2 . Note 
that, as A is stable, we can find some j G [r] such that a = Oj U r' where t' C [n] 
and < r', and such a representation is unique. 

Let i G [n]. If ^(crj) D S k i(aj) for some j 7^ i, then ^(cTj) = <7j and ^(cr^) 7^ cr^, 
hence a, = S k i(aj) U r with r C [n] and r 7^ 0, and conversely, this equality implies 
that S k i(o-j) o~j, k & o~i, hence S k i(ai) = o'i and S k i(o~i) D S k i(o~j). Furthermore, 
Oj U t is uniquely defined by o"j since, if Oi = S k i(c>ji) U r' with j' G [r] and r' C [n] 
then / G <Tj, cr^, A; G" (J^-, (Tj/ and ((cr^ \ {/}) U {A;}) U r = ((ay \ {/}) U {A;}) U r', hence 
(jj U r = ay U r' recalling that, by our convention, S k i(o~j) fl r = S k i(crji) fl r' = 0. As 
noted above, we may assume that o~j < r. Then it makes sense to give the following 
definition. 
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Let i E [r], we define cr* as follows 




d s Ur if Oi = Ski(cr s ) U r for some s 7^ i 
Ski(ci) otherwise 



Thus there are three possible values for cr*. If Ski{o~i) 7^ Uj then cr* = Skii&i) G" V; if 
Ski{ci) = &i then cr* = a s U r or o~i depending on whether <jj = Ski{<J s ) U r for some 
s 7^ i or not. Note that m(a*) = m(<7j), i = 1,2, . . . , r. 

Lemma 2.2. Suppose that A stable. IfG{I/\) = {x ai1 x a21 . . . ,x CTr } ; then 

G(/ S hift fcl (A)) = {^,X CT ., . . . 

Proof. Firstly, we show that ishift w (A) is generated by x a *, . . . , i ff ». It is enough 
to show that, for any cr G V, there is an i such that Ski(cr) = cr* U r. As G(Ia) = 
{x ai ,x a2 , . . . , Xo- r }, we have that a — cr,- Uti, for some j, where cr, < ri. Divide into 
three cases. 

Case I) Sfc^cr,-) 7^ cr,-. Then cr* = S M (aj), I G cr,-, fc G" cr, and S^cr,) = (cr,- \ {/}) U 
{A;} G" V, hence Z G cr. If A; G cr, then A; G T\ and 

= (Tj U Ti 

= (fa \ W) U {A;}) U ((n \ {A;}) U {/}) 
= a*U((r 1 \{A:})U{/}), 

as required. If A; G" cr and (cr \ {7}) U {A;} G V, then (cr \ {/}) U {A;} = o t U t' for some 
t, where cr t < r', and S M (a) = cr. Note that (cr \ {/}) U {A:} = ((cr,- \ {/}) U {A;}) U r x . 
Then 

(fo\ W)U{A;})Ur 1 =a t Ur', 
where (cr,- \ {/}) U {A;} < T\ and a t < r' . As (cr,- \ {/}) U {A;} G" V, we see that 
(o-j \ {I}) U {A:} C a t . Thus <r t = {{a 3 \ {/}) U {A:}) U r" = S^fa) U r" with r" C n, 
then cr* = o~j U t" . Hence 

Ski(cr) = cr 

= (7,- U Ti 

= (cr, U r") U (n \ t") 

= ^u(n\0, 

as required. If A; G" cr and (c \ {/}) U {k} G - V, then Ski(cr) — (cr \ {/}) U {A;}. Hence 
SfcK ") — ((^j \ {0) u W) U ri = cr* U Ti, as required. 

Case II) Ski(o-j) = o-j and there is no s 7^ j such that o~j = Ski(os) U r. Then cr* = 
cr,-. If Ski{o~) = cr, then Sm{o~) = cr = a* U 7i,as required. If Ski(cr) 7^ cr, then Z G cr, 
A; G" cr and (cr\ {/}) U {A;} £ V, hence 5 fc ,((r) = (<r\ {/}) U {A;} = ((^ Un) \ {/}) U {A;}. 
Note that k G" c>j implies that / G" o~j, otherwise, from Ski(o-j) = crj we have that 
(o-i \ {0) U {A;} G V, then ((^ U n) \ {/}) U {A;} = ((^ \ {/}) U {A:}) U n G V, a 
contradiction. Hence / G Ti and 

5«((7) = cr, U (( Tl \ {/}) U {A;}) 

= cr;u((r 1 \{0)U{A;}), 
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as required. 

Case III) Ski((Jj) = <7j and there is some s 7^ j such that o~j = S k i(o~ s ) U t. 
Then cr — Oj U t± — S k i(a s ) U r U t±. Note that S k i(a s ) 7^ a s , which implies that 
k G S k i(a s ) = (a s \ {/}) U {A;}. Then k G cr and Ski(cr) = cr. Since cr* = Ski(cr s ), it 
follows that Ski(u) = a = cr* U (r U Ti), as required. 

Secondly, we show that i ff j , , . . . , x a * is a minimal system . It is enough to 
show that a* % cr* for any % ^ j. Divide into three cases again. 

Case 1) cr* — a r It is clear that cr* (L cr* if cr* = Oi or a t U r, so we may assume 
that a* = S k i(ai). As S k i(aj) = o~j, if cr* C cr* then S k i{oi) C S k i(aj), which implies 
that cr* 7^ ctj, a contradiction. 

Case 2) cr* = S k i((Tj) 7^ Oy Then, as S k i(aj) £ V, we see that cr* $2 cr* if cr* = crj 
or cr t U t. If cr* = Ski((Ji) 7^ cTj and cr* C cr*, then / G <7i,<7j, k G" crj,aj and 
(<7j \ {/}) U {A;} C (<7j \ {/}) U {A;}. It follows that cr^ C Oj, a contradiction. 

Case 3) cr* = cr t U r, where cr t < r. Then cr, = S k i(<J t ) U r, Z G a t , k G" cr t and 
5«(<r t ) = (cr t \ {/}) U {k} G" V. If cr* = S kl (<Ji) ^ a h then k G cr*, hence cr* £ cr* 
as (jL cr*. If cr* = a s U r', where cr s < r', / G cr s and k G" cr s , then cr* C cr* implies 
that a t U r = cr s U r' U r" for some r", it follows that ((a t \ {/}) U {A;}) U r = 
((cr s \ {/}) U {A;}) Ur'U r", i.e., Oj = cr^ U r' U r", a contradiction. Finally, we assume 
that cr* = crj and cr* C cr*. Then cr t U r = cr^ U Tj for some 71 7^ and S k i(tJi) = a^. 
As / G cr t , k G" cr t and k < I, we have that / G 01 or / G 7$, and A; G" 01 and A: G" Tj. If 
/ G crj, then, from k G" cr, and S k i{o~i) = o~i, we have that (<7j \ {/}) U {A;} G V. Thus 
((Tj \ {/}) U {A:} = cr u U r u for some a u G G(I\). Then, from u t U r = cr j U Tj, we have 
that 

= S k i(a t ) U r 
= ((a ( \{l})U{*})UT 
= ((ai\{l})U{k})UTi 
= a u U r u U 

a contradiction. If I G Tj, then, from a t U r = crj U Tj, we have that 

0j = 

= (((7 t \{/})U{fc})Ur 

= ff i U((7 i \{i})U{fc}) ) 

a contradiction again. The proof is complete. □ 

Now we can prove 
Theorem 2.3. If A is stable, then, for alii and j , 

Proof. Suppose that A c = Shift fcrJj .(Shift fer _ lJT ._ 1 (- ■ ■ (Shift Wl (A)) •••)), where r > 1 
and ki < i = 1,2, ... ,r. By 2.1, Shifty (Shift^^ (••• (Shift Ml (A)) ••• )) is 
stable for i — 1, 2, . . . , r. Hence it is enough to show that /^(/a) = Aj(-^shift fei (A)) 
for any 1 < k < I < n. Let G(Ia) = x a2 , . . . , x Cr }, then, by 2.2, G(/ S hift H (A)) = 
{x a * , x a * , . . . , !„«}• Since /a and /shift fci (A) are squarefree stable and m(a*) = m(<7j), 
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i — 1, 2, . . . , r, it follows from the formula of Betti numbers of squarefree stable ideals 
that Aj(^a) = Aj(ishift fcl (A)), as required. □ 

Combining 1.5, 1.6 and 2.3, we get the following 
Theorem 2.4. If A is stable, then, for alii and j , 
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